We theoretically investigate light propagation and electromagnetically induced transparency (EIT) in a quasi one-dimensional gas in which atoms interact strongly via exchange interactions. We focus on the case in which the gas is initially prepared in a many-body state that contains a single excitation and conduct a detailed study of the absorptive and dispersive properties of such a medium. This scenario is achieved in interacting gases of Rydberg atoms with two relevant S-states that are coupled through exchange. Of particular interest is the case in which the medium is prepared in an entangled spinwave state. This, in conjunction with the exchange interaction, gives rise to a non-local susceptibilty which -in comparison to conventional Rydberg EIT -qualitatively alters the absorption and propagation of weak probe light, leading to non-local propagation and enhanced absorption.
We theoretically investigate light propagation and electromagnetically induced transparency (EIT) in a quasi one-dimensional gas in which atoms interact strongly via exchange interactions. We focus on the case in which the gas is initially prepared in a many-body state that contains a single excitation and conduct a detailed study of the absorptive and dispersive properties of such a medium. This scenario is achieved in interacting gases of Rydberg atoms with two relevant S-states that are coupled through exchange. Of particular interest is the case in which the medium is prepared in an entangled spinwave state. This, in conjunction with the exchange interaction, gives rise to a non-local susceptibilty which -in comparison to conventional Rydberg EIT -qualitatively alters the absorption and propagation of weak probe light, leading to non-local propagation and enhanced absorption. Currently there is a great interest in studying the phenomenon of electromagnetically induced transparency (EIT) [1] in gases of interacting Rydberg atoms [2] [3] [4] [5] [6] [7] [8] [9] [10] . The strong interaction between atoms excited to highlying Rydberg states translates to an effective interaction between photons [11] [12] [13] . This, on the one hand, is of great technological importance as it allows the realization of photon switches [14] and photon-photon phase gates [4, 11] for quantum information processing. On the other hand it permits to probe novel quantum phenomena such as bound states of photons [15, 16] , the crystallization of photons [17] and non-linear and nonlocal light-matter interaction [18, 19] . The key ingredient underlying this physics is an essentially classical densitydensity interaction among Rydberg states [20] [21] [22] . In certain regimes these systems can however exhibit resonant dipole-dipole interactions [23] [24] [25] which then effectuate excitation exchange among different Rydberg states that can establish coherence between distant atoms, thereby leading to a different kind of non-locality.
In this work we consider an atomic medium that is initially prepared in a many-body state which contains a single Rydberg excitation and investigate EIT in a setting with two relevant Rydberg states where excitations can be exchanged between distant atoms [24, 26] . When the initial state is a spinwave [8, 27] the linear susceptibility of the medium acquires a non-local term, in contrast to current studies using single Rydberg states [18, 19] . We demonstrate that the exchange interation furthermore leads to new features: it can produce a super-exponential extinction of weak probe light as well as an altered "nonlocal" propagation that both result from the fact that the photon field at one point of the medium can act as a source at a second (distant) position. We discuss the underlying mechanism -namely the establishment of quantum coherence through exchange -within a two atom model and subsequently conduct a numerical study of a one-dimensonal atomic gas. We conclude by discussing a simplified analytical model that illustrates the new absorption features and in particular the interplay of the phases of the involved light fields and the initial spinwave. Beyond being of fundamental interest our results indicate a route towards probing excitonic dynamics in interacting atomic gases [28, 29] and ways for enhanc-ing the absorptive properties of Rydberg gases which is e.g. important for implementing efficient photon switches [14] .
The system, initial state and relevant interactions.-We consider a gas of N atoms with positions r k and a level structure that is depicted in Fig. 1a : |1 and |2 are ground-and low-lying excited states, respectively, and the two upper levels |3 and |4 are Rydberg Sstates. The states |1 , |2 and |4 are driven by two light fields in an EIT configuration: the |1 ↔ |2 -transition is weakly coupled by a single-photon (probe) field with detuning δ, central wave vector k p and Rabi frequency
Here µ 21 is the transition dipole moment and E(r, t) is the slowly varying envelope. The |2 ↔ |4 -transition is resonantly coupled by a strong classical laser field with wave vector k c and Rabi frequency Ω c (r) = Ω exp[i(k c · r)]. Within the standard rotating wave approximation the corresponding single particle Hamiltonian is then given bŷ
. In this description the probe field strength E(r) appears as a classical field. For a singlephoton pulse, this this is equivalent to a field theoretical treatment with E(r) being the single-photon probability amplitude [1] .
The central element of this study is the initial state of the atomic gas: it contains a single coherently delocalized excited atom in level |3 with all other atoms being in the ground state (see Fig. 1b ), i.e., a spinwave or superatom state |Ψ(r 1 , · · · , r N ) = j A j e iks·rj |1 · · · 3 j · · · 1 . The probability amplitudes A j and the spinwave vector k s are determined by the preparation process, e.g., via a single-photon pulse or the use of stronger pulses and exploiting the dipole blockade [27, [30] [31] [32] . Owed to this initial state and due to the fact that we are only considering single-photon probe field pulses (on the |1 ↔ |2 -transition) there will always be at most one atom in state |3 and one in state |4 . Therefore only two interactions are relevant: the van-der-Waals interaction,V , between an atom in state |3 (at position r j ) and a second atom in state |4 (at position r k ). We consider two Rydberg S-states for which the corresponding interaction strengths can be parameterized as V d,e jk = C d,e /|r j −r k | 6 where C d,e are dispersion coefficients [34] . This leads us to the following Master equation governing the evolution of the density matrix ρ of the system:
e jk ]/2 is the total Hamiltonian. Here, γ stands for the decay rate from state |2 while the decay from the Rydberg states |3 and |4 is neglected, which is justified on sufficiently short time scales due to a typical Rydberg state lifetime on the order of 100 µs. [1, 36] to first order in the probe field Rabi frequency |Ω p (r 1,2 )| (|Ω p (r)| |Ω| , γ) using the state |Ψ(r 1 , r 2 ) as initial condition. This yields
where
belong to the delocalized excitonic Rydberg pair states |± = (|34 ± |43 )/ √ 2 which are eigenstates of the interaction HamiltonianV
Furthermore, we have abbreviated by Φ r1r2 = K · r 12 the relative phase difference of the probe field which depends on the relative wavevector K = k s − k c − k p defining a phase matching relation [36] .
The unusual property of the coherence σ(r 1 ) with respect to conventional EIT is that it depends not only on the local probe field strength E(r 1 ), but also on the strength of the probe field at the location of the second atom E(r 2 ). This is the key finding of this work. Note, that this non-local optical response features a linear dependence on the probe field, which differs from the one encountered in former studies of Rydberg EIT, where the non-locality is typically generated in higher orders [18, 19] .
The emergence of the non-local term is a direct consequence of the interplay between the exchange interaction and the initial entangled state. The role of the exchange becomes apparent in Eq. Fig. 1c . The left panel shows the conventional local pathway in which the probe field Ω p (r 1 ) establishes a coherence between the states |13 and |23 whose precise value is determined by the coupling of state |23 to the excitonic states |± . The panel on the right shows the non-local pathway for the excitation of state |23 starting from |31 . This can establish a coherence in the first atom provided that the initial state contains a |31 -component, which is the case for |Ψ(r 1 , r 2 ) . Note that this requires the excitonic states |+ and |− to be non-degenerate, i.e. V e 12 = 0, otherwise the two paths from |32 to |23 interfere destructively.
We conclude the discussion of two atoms by analysing the role of the phase in the initial state |Ψ(r 1 , r 2 ) . To simplify the picture we assume C d = C e and that the projection of k p + k c on the vector r 12 is zero such that Φ r1r2 = k s · r 12 . Of particular relevance are the two extreme cases in which exp(iΦ r1r2 ) = ±1. For a spatially homogeneous probe field, Ω p (r 1 ) = Ω p (r 2 ), the initial state can only couple to one of the excitonic pairs states |± due to conservation of parity. This becomes directly visible in the real and imaginary part of the coherence which we show in Fig. 2 as a function of the detuning δ for different initial states. For exp(iΦ r1r2 ) = 1 (Fig. 2a) we find an asymmetric EIT feature with a vanishing coherence at the detuning δ + 0 = V + 12 that corresponds to the interaction energy of the symmetric exciton state. In the case exp(iΦ r1r2 ) = −1 (Fig. 2b) we find a symmetric EIT feature centered at δ − 0 = V − 12 , the energy of the anti-symmetric exciton state. Note, that δ − 0 = 0 due to the choice of equal strengths for the exchange and van-der-Waals interaction in this particular example. For completeness we show in Fig. 2c the coherence for an initial state in which solely the atom at position r 2 is excited. In this localized case the initial state has no defined parity and hence couples to both excitonic states. The coherence of the first atom is then given by σ loc (r 1 ) = σ + (r 1 ) + σ − (r 1 ) which displays an intricate behavior with multiple peaks.
Light propagation in a one dimensional gas.-We study now a one-dimensional ensemble of atoms of length L, as shown in Fig. 1b , and a spatially homogeneous spinwave, i.e., with coefficients A j = 1/ √ N . Employing a continuum description we obtain the following polarization of this medium: (2) where 0 is the vacuum permeability, and χ l (z) = g L α + zz ρ s (z )dz and χ n (z, z ) = gα The propagation of the probe field through the medium is governed by the wave equation
, where c is the light speed in vacuum [11, 12] . The basic physics of the propagation can be understood by neglecting boundary effects and by performing a Fourier transform of Eq. (2). This yields the susceptibility in k-space which consists of four terms:
which depends on ζ ± = e −R ± b |k+K| , the complex number A = (1 + i √ 3)/2, and the two blockade radii
. This result exhibits three novel features due to the nonlocal componentχ n (δ, k) ≡χ
there is an explicit dependence on the wavenumber k which is shown in Fig. 3a . Second, the imaginary part of the non-local susceptibility becomes negative at certain values of k which indicates a gain of probe field strength. This is a direct consequence of the fact that the polarization in one part of the medium acts as a source for other parts of the medium, analogous to the previously discussed case of two atoms. Note, however, that the imaginary part of the combined local and non-local susceptibilities is always greater than or equal to zero such that there is no net gain. Third,χ n (δ, k) decays exponentially with the wavevector |k + K|. Hence it drops rapidly when |k + K| 1/|R ± b |. In the following we perform a numerical study in which we consider a resonant probe field pulse (δ = 0) and a gas of rubidium atoms with the two relevant Rydberg states |83S, J = m J = 1/2 ≡ |4 and |84S, J = m J = 1/2 ≡ |3 . The corresponding dispersion coefficients are C d = 9.7 × 10 3 GHz µm 6 and C e = 7.5 × 10 3 GHz µm 6 . We first consider the phase-matched case (vanishing relative wavevector, K = 0) for which we plot in Fig. 3b the timeintegrated density of the probe field A(z) = |E(z, t)| 2 dt for different values of the coupling constants g. For comparison we also provide data for an initial state which is an incoherent mixture of all configurations that contain a single atom in state |3 and all others in |1 . This "standard" scenario has been much discussed in the recent literature, see e.g. Refs. [6, 7, 11, 26] . In Fig. 3b we find that for weak couplings, A(z) decays exponentially inside the medium no matter whether the initial state is mixed or a coherent superposition. With increasing coupling g, however, A(z) displays a non-exponential and non-monotonic decay in the case of an entangled initial state. The increase of A(z) at larger distances is a direct consequence of the negative imaginary part of the non-local susceptibility and the resulting gain. A similar effect is observed in the transmission, i.e., the mean number of photons transmitted through the medium (one photon at a time), defined by T = A(L)/A(0). The corresponding data as a function of g, shown in Fig. 3c , again displays a non-monotonic behaviour and is increasing beyond g = 0.019. No such feature is present for a mixed initial state [11] . The momentum dependence of the susceptibility is also evidenced in Fig. 3d which shows the transmission as a function of the relative wavevector K. The observed damped oscillations with increasing K are a consequence of the oscillating behaviour of the non-local susceptibility that was previously discussed in Fig. 3a .
Finally, let us remark that an interesting scenario emerges when the dispersion coefficients of the van-derWaals and the exchange interaction are equal, i.e., C d = C e , which can potentially be approximately achieved by tailoring the interaction potential through external fields [23, 25, 37, 38] . As shown in Fig. 4a the gain effect is here about ten times stronger as compared to the case in Fig. 3c . The reason for this enhancement is that for C d = C e all anti-symmetric excitonic states, . The other parameters are the same as in Fig. 3d . As shown in (a), the absorption of the entangled medium is greatly enhanced with respect to the mixed case. The analytical approximation of the transmission Ta performs well for sufficiently weak coupling.
interaction energy. Coupling to these states therefore reduces absorption (c.f. the two-atom case in Fig. 2 ).
For C d = C e an approximate analytical solution for the probe field amplitude can be derived. It does not capture the gain but demonstrates the enhanced absorption with respect to conventional Rydberg EIT starting from a mixed state: assuming that the medium is fully blockaded (L |R + b |) such that the polarization is spaceindependent [11] , i.e., α ± zz ≈ i/2γ and applying the local field approximation [18] , the electric field in the medium (in the space domain) is 
where E(0) is the electric field at z = 0. From this expression we find that the transmission is given by T a = e −kpgL[1+(2−2 cos KL)/(KL) 2 ]/(2γ) , which indeed agrees well with the numerical solution shown in Fig. 4b until the coupling exceeds g 0 = 2 ln(2)γ/k p L. Note that a mixed initial state leads under the same approximations to a transmission that is T mixed a = e −kpgL/(2γ) and hence substantially weaker absorption. The analytical form of T a once again highlights the non-trivial dependence of the transmission on the relative wavevector K (Fig. 4b) and shows that T a saturates at T mixed a for large K. Summary and outlook.-We have studied the dynamics of Rydberg EIT in a setting with two relevant excited states [24, 26] where exchange leads to novel features in the atom-light interaction. If the initial state is a spinwave, our results predict non-local light propagation and a greatly enhanced absorption. These effects can be of relevance for applications such as optical photon switches [14] , routers [39] , and gates [11] . Furthermore, excitonic dynamics in multi-component Rydberg gases [24] provide a powerful new system to study energy transport phenomena in complex networks [26] . Our results, in particular the k-dependence of the transmission, open novel approaches for probing this rich dynamics.
